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In this study, we introduce a novel implementation of density functional theory integrated with single-
site dynamical mean-field theory to investigate the complex properties of strongly correlated
materials. This ab initiomany-body computational toolkit, termed Zen, utilizes theVASP andQuantum

ESPRESSO codes to perform first-principles calculations and generate band structures for realistic
materials. The challenges associated with correlated electron systems are addressed through two
distinct yet complementary quantum impurity solvers: thenatural orbitals renormalizationgroup solver
for zero temperature and thehybridization expansioncontinuous-timequantumMonteCarlo solver for
finite temperatures. To validate the performanceof this toolkit, we examine three representative cases:
correlated metal SrVO3, unconventional superconductor La3Ni2O7, and Mott insulator MnO. The
calculated results exhibit excellent agreement with previously available experimental and theoretical
findings. Thus, it is suggested that the Zen toolkit is proficient in accurately describing the electronic
structures of d-electron correlated materials.

Thephysical and chemical properties of solid-statematerials are remarkably
varied and extensive. Nevertheless, upon tracking their origins, it becomes
evident that the quantum behaviors of valence electrons are crucial. Con-
sequently, a precise characterization of the microscopic behavior of valence
electrons in solid-statematerials is a fundamental requirement in thefield of
condensed matter physics.

Electromagnetic theory posits the existence of long-range Coulomb
interactions among electrons. In scenarios where the interaction between
electrons is significantly less than their kinetic energy, a single-particle
approximation can be employed to analyze themotion of electrons within a
solid. This foundational approach has led to the development of classical
band theory, which has effectively elucidated the fundamental character-
istics of conventional metals, semiconductors, and insulators. These mate-
rials are typically categorized as weakly correlated or non-correlated. In
contrast, there exist strongly correlatedmaterials1, such as certain transition
metal oxides2, copper-based3 and iron-based4 unconventional super-
conductors, as well as cerium-based5 and plutonium-based6 heavy fermion
systems. The electronic structures of these materials frequently exhibit
narrow and partially filled d- or f-electron energy bands. In these cases, the
Coulomb interaction among electrons is considerably greater than their
kinetic energy, rendering the single-particle approximation inadequate7.

The collective motion of numerous electrons in strongly correlated mate-
rials leads to a variety of exotic phenomena, including colossal magne-
toresistance, Mott metal-insulator transitions, unconventional
superconductivity, non-Fermi liquid behavior, heavy fermion behavior, and
theKondoeffect2–6,8. Classical band theory falls short inproviding a coherent
explanation for these phenomena. Consequently, the advancement of a
theory for strongly correlated electrons that transcends classical band theory
represents a prominent area of research within condensed matter physics9.

The development of a theoretical framework for strongly correlated
electrons typically commences with the examination of simplified models
that encapsulate strong correlation effects.While this approach significantly
alleviates the complexity of the problem, it remains a challenging task, as
most models characterized by strong correlations lack exact analytical
solutions. Compounding this challenge is the fact that in strongly correlated
systems, the bare Coulomb interaction is substantial, rendering conven-
tional perturbation theory inapplicable. The advent of dynamical mean-
field theory (dubbed DMFT) has provided valuable insights into this
pressing issue10. The fundamental premise of DMFT is that, in the limit of
infinite dimensions, the electron self-energy Σ is local and momentum-
independent. Consequently, a general interacting lattice model can be self-
consistently transformed into a single quantum impurity model, from
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which the properties of the original lattice model can be inferred by solving
the quantum impurity model11. It is important to note that DMFT is
inherently a local theory. Although it adopts amean-field approximation to
address spatial fluctuations of quantum states, which is equivalent to
ignoring the non-local aspects of electron correlations, it rigorously
accounts for temporal fluctuations and comprehensively captures the local
components of electron correlations10. In principle, for interacting models,
local correlations are of primary significance, while non-local correlations
are often negligible. Consequently, over the past two decades, DMFT has
emerged as a pivotal tool in the investigation of strongly correlated models.
Through the application of DMFT, the understanding of various strongly
correlated systems, including the Hubbard model, the t–J model, and the
periodic Anderson model, has reached unprecedented levels, leading to the
resolution of numerous longstanding physical challenges11. Currently,
DMFThas evolved intonumerous extensions, enabling its application to the
study of disordered, inhomogeneous, and non-equilibrium systems12–14.

Merely addressing strongly correlated models is insufficient, it is
imperative to investigate the electronic structures and physical properties of
realistic materials. The DMFT method is adept at managing correlation
effects among electrons, yet it is primarily applicable to the analysis ofmodel
Hamiltonians10,11. On the contrary, classical band theory, exemplified by the
widely utilized density functional theory (dubbedDFT),while inadequate in
accurately addressing electron–electron interactions in strongly correlated
materials, excels in elucidating crystal field splitting and the chemical
environment of realisticmaterialswithout reliance on empirical parameters.
Given that both methodologies possess distinct advantages and limitations
that complement one another, it is natural to integrate themto formulate the
DFT+DMFT approach. The standard procedure for DFT+DMFT cal-
culations is delineated as follows15,16. Initially, a conventional DFT calcula-
tion is performed to derive the band structure under the single-particle
approximation, followed by the construction of a model Hamiltonian for
the correlated orbitals of interest, devoid of empirical parameters. Subse-
quently, interaction terms, including Coulomb interactions and spin-orbit
coupling, are incorporated into thismodelHamiltonian. Finally, theDMFT
method is employed to solve the effective model Hamiltonian, thereby
extracting the ground state and spectroscopic properties of realistic mate-
rials. Thepioneering applicationof theDFT+DMFTmethod to investigate
the photoelectron spectrum of La-doped SrTiO3 was conducted by Anisi-
mov et al.17. Since that time, the DFT+DMFT method has become a
dominant approach in the realm of first-principles calculations for strongly
correlated materials. Particularly in recent years, during the surge of
research into various unconventional superconductors18–21, strongly corre-
lated kagomematerials22–24, and cerium-based heavy fermion materials25–27,
the DFT+DMFT method has shown its unique brilliance.

In the past decade, significant efforts have been dedicated to the
development of efficient first-principles software packages for DFT+
DMFT calculations, thereby facilitating the broader application of this
method. Currently, several open-source DFT+DMFT packages have been
released, including w2dynamics28, TRIQS29–31, ALPSCore32,33,
eDMFT34–36,DCore37,Questaal38,Abinit39–41,ABACUS42,ComDMFT43,
DMFTwDFT44, and solid_dmft45, among others. Notably, the
w2dynamics, TRIQS, and ALPSCore packages primarily incorporate
high-performance quantum impurity solvers, utilizing the hybridization
expansion continuous-time quantumMonte Carlo algorithm (dubbed CT-
HYB)46–48. Other software packages, with the exceptions of eDMFT35 and
ComDMFT49, do not incorporate individual quantum impurity solvers;
instead, they typically employ publicly available CT-HYB impurity solvers.
These packages offerflexible interfaces to connectDFT codeswith quantum
impurity solvers, supporting both fully self-consistent and one-shot
DFT+DMFT calculations aiming at investigating the electronic struc-
tures and lattice dynamics of strongly correlated materials50–52. They are
capable of producing various physical observables, such as spectral func-
tions, Fermi surfaces, total energies, forces, and phonon band structures,
which can be readily compared with experimental data. Notably, the
Questaal38 and ComDMFT43 packages can incorporate the quasiparticle

approximation (dubbed GW)53 within the DFT part and support the GW
+DMFT calculation mode54,55. Additionally, the w2dynamics package
can interface with the AbinitioDΓA code56 to facilitate ab initio dyna-
mical vertex approximation (DΓA) calculations57–59. Overall, while these
packages exhibit similarities, their distinctions primarily arise from the
selection of DFT codes and the definitions of local basis sets employed in
constructing low-energy effective Hamiltonians.

Thoughmany DFT+DMFT software packages have been published,
another open-source implementation is always beneficial for the commu-
nity. In this paper, we are pleased to introduce Zen, a new DFT+DMFT
toolkit. This toolkit offers the following features: (i) It supports two types of
local orbitals: projected local orbitals (interfaced with VASP60,61) and
maximally localized Wannier functions (interfaced with Quantum
ESPRESSO62,63 and Wannier9064). (ii) It includes two quantum impurity
solvers: the natural orbitals renormalization group solver (dubbed
NORG)65,66 and the CT-HYB solver (interfaced with iQIST67,68). The
NORG impurity solver operates at zero temperature, while the CT-HYB
impurity solver works for finite temperature. These two quantum impurity
solvers are complementary. (iii) It features a powerful analytic continuation
backend, namely ACFlow69, which implements several state-of-the-art
analytic continuation methods, including the maximum entropy method,
stochastic analytic continuation, and stochastic pole expansion, among
others. ACFlow can convert single-particle or two-particle correlation
functions from the imaginary time or imaginary frequency axis to the real-
frequency axis. (iv) The Zen toolkit is developed using the Julia program-
ming language and supports large-scale parallel calculations. Furthermore,
it can be executed in interactive mode, allowing users to monitor calcula-
tions and dynamically adjust computational parameters. After extensive
testing, we suggest that this toolkit is well-suited for first-principles calcu-
lations of correlated d-electron materials.

The remainder of this paper is organized as follows. Firstly, we provide
a brief overview of the core components of the Zen toolkit, including the
flowchart, DFT codes, DMFT engine, quantum impurity solvers, and uti-
lities for analytic continuation. Secondly, we summarize the computational
parameters and then present the benchmark results for the correlatedmetal
SrVO3, the unconventional superconductor La3Ni2O7, and the Mott insu-
lator MnO, comparing them with previously published theoretical and
experimental results. Finally, a brief discussion is provided.

DFT+DMFT method
The theoretical foundation and computational procedure of the DFT+
DMFT method are now well established15,16. This section will focus on the
overall framework of Zen, briefly describing the features and underlying
formulas for the major computational components, with particular
emphasis on the differences between Zen and the other DFT+DMFT
calculation softwares. The technical details of Zen will be presented in a
successive paper.

Flowchart
Here’s a brief overview of the basic steps about how to perform charge fully
self-consistent DFT+DMFT calculations using Zen (see Fig. 1)15. (i)DFT
calculation. Atfirst, weneed toperform standardDFTcalculations to obtain
electronic structures of the materials. By choosing a reasonable local basis,
the low-energy effective Hamiltonian for correlated orbitals and important
ligandorbitals is constructed. This step provides a startingpoint for theDFT
+DMFT calculation. (ii) DMFT self-consistency. The low-energy effective
Hamiltonian is supplemented with the local interaction term. Then it is
solved self-consistently within theDMFT framework11. To bemore specific,
it is mapped onto an effective impurity model, where the correlated elec-
trons are treated as an impurity embedded in a non-interacting bath. The
local impurity problem is solved using various quantum impurity solvers.
The impurity solver generates new Green’s function G and self-energy
function Σ for the impurity model. G and Σ are then used to calculate new
bathGreen’s functionG0 andhybridization functionΔ. Theywill be fedback
into the impurity solver again. The process is repeated until the
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hybridization function and self-energy function converge to a consistent
solution. (iii) Charge self-consistency. In addition to the DMFT self-
consistency loop, a charge self-consistency step is superimposed to ensure
that the total charge density of the material is converged. This involves
adjusting the charge density until the total charge matches the expected
value. (iv) Analysis. Once the self-consistent solution is converged, we
should analyze the results to extract physical properties such as the density
of states, spectral functions, and other relevant quantities. (v) Validation.
We have to validate the results by comparing them with experimental data
or other theoretical results. If necessary, the computational model or
parameters should be refined, and the calculation could be repeated.

In the Zen toolkit, the above computational steps are encapsulated in
four components. They are theDFT,DMFT, quantum impurity solver, and
post-processing components. The four components exchange parameters
and data throughfiles. They aremanipulated by theZen core library, which
is written in Julia language. By using the Zen core library, the users can
perform DFT+DMFT calculations step by step.

DFT codes
Now the Zen toolkit is interfaced with two popular DFT codes, namely
VASP60,61 and Quantum ESPRESSO62,63. Both codes implement the
pseudopotential plane-wave method. In the present work, the projector
augmented wave (dubbed PAW) method is adopted70.

The VASP interface builds on the projected local orbitals (dubbed
PLO) scheme39, where the resulting Kohn-Sham states jΨi from DFT cal-
culations are projected on localized orbitals jχi, which defines a basis for
setting up a Hubbard-like model Hamiltonian. As is described in detail in
ref. 39, the projectionmatrix P between jχi and jΨi in the PAW framework
can be written as

PRðkÞ ¼
X
i

hχRjϕiih~pij~Ψki: ð1Þ

Here, the index i denotes the PAW channel n, the angular momentum
quantumnumber l, and itsmagnetic quantumnumberm. jχRi are localized
basis functions associated with the correlated site R. j~Ψki are the pseudo-
Kohn-Sham states. jϕii and j~pii are the all-electron partial waves and the
standard PAW projectors, respectively. They can be extracted from the
PAWdataset directly. The projectionmatrixPwill be calculated andwritten
into the file “LOCPROJ” by the VASP code. The Zen toolkit will parse this
file, read in the projection matrix, and filter out the Kohn-Sham states that
do not belong to the given energy window. Then the projection matrix is

further orthogonalized to make sure that the local basis in the restricted
energy window is orthonormal.

TheQuantumESPRESSO interface62,63 should beused in conjunction
with the Wannier90 code64. It supports two different schemes. One is the
traditional PLO scheme as introduced above39. When this scheme is used,
theZen toolkit will extract the projectionmatrix from the “seedname.amn”
file. Another scheme builds on the maximally-localizedWannier functions
(MLWF)71. The symmetry-adapted Wannier functions (SAWF) are also
supported72. The Udis(k) and U(k) matrices are responsible for disentangling
the correlated orbitals, and transforming Bloch bands juki into Wannier
orbitals jwRi. The Zen toolkit will read the two matrices from files “seed-
name_u_dis.mat” and “seedname_u.mat”, respectively. Finally, the two
matrices are combined to build the projection matrix P.

We note that both the VASP and Quantum ESPRESSO interfaces
support DFT+DMFT charge self-consistent calculations. That is to say the
two codes can read the DMFT correction to the density matrix ρ, and then
restart the DFT calculation to generate a new projection matrix P.

DMFT engine
In the Zen toolkit, the DMFT engine is developed with the Fortran 90
language. The following tasks should be accomplished in theDMFT engine.

Lattice Green’s function. The expression for lattice Green’s function is
as follows16:

GRðiωnÞ ¼
1
Ωbz

Z
d3k PRðkÞGðk; iωnÞPR�ðkÞ; ð2Þ

Gðk; iωnÞ ¼
1

ðiωn þ μÞI� HKSðkÞ � ΣðiωnÞ þ Σdc
: ð3Þ

Here, Ωbz is the volume of the first Brillouin zone, PR(k) is the projection
matrix, I is the identity matrix, μ is the Fermi level, HKS(k) is the
Kohn–Sham Hamiltonian, and Σdc is the double counting term for self-
energy function.Note that the right-hand side of Eq. (2) is a typical Brillouin
zone integration in the complex-energy plane. The Lambin-Vigneron
analytical tetrahedron method73 is employed to calculate this integral. In
order to accelerate the calculation, the integration algorithm is fully
parallelized over the k-points.

Hybridization function. The hybridization function Δ(iωn) describes the
hybridization effect between impurity electrons and conduction

Fig. 1 | Schematic picture of the standard DFT+DMFT calculation flowchart as
implemented in the Zen toolkit. HKS(k): Low-energy effective Hamiltonian for
correlated orbitals and ligand orbitals. PR(k): Projection matrix between local basis
andKohn-Shambasis.Δ: Hybridization function.Σ: Self-energy function.G: Green’s

function. μ: Fermi level. ρ: Density matrix. The DFT interface (pink box) supports
the VASP and Quantum ESPRESSO codes. The quantum impurity solvers (green
box) can be NORG or CT-HYB. The analytic continuation calculations are done by
the ACFlow toolkit (gray box). See main text for more details.
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electrons. Its expression is as follows11:

ΔðiωnÞ ¼ iωn � Eimp � G�1ðiωnÞ � ΣðiωnÞ; ð4Þ

where the impurity level Eimp reads

Eimp ¼
1
Ωbz

Z
d3k ½HKSðkÞ � Σdc � μI�: ð5Þ

Both the hybridization function and impurity level are essential inputs for
the quantum impurity solvers.

Orbital occupancy. Given the Fermi level μ, to calculate the orbital-
resolved impurity occupancyNα is not a trivial problem. In principle, the
orbital occupancy is defined by

Nα ¼ T
X
k

X
n

1
iωn þ μ� ϵαkðiωnÞ

; ð6Þ

where α is the orbital index, ϵαk(iωn) are the eigenvalues of the Hamiltonian
HKS(k)+ Σ(iωn)− Σdc. But the above equation is seldom used in practical
calculations because there is a long “tail”/ 1

iωn
. If we want to use Eq. (6), we

have to consider a large number of Matsubara frequency points to obtain
accurateNα. This is rather inefficient. In order to overcome this problem,we
adopt the following equation to evaluate Nα:

Nα ¼
X
k

f ðϵ1αk � μÞ þ 2T
X
k;n

1
iωn þ μ� ϵαk

� 1
iωn þ μ� ϵ1αk

� �
: ð7Þ

Here, f(ϵ) is the Fermi-Dirac distribution function, and ϵ1αk are actually
the eigenvalues of the Hamiltonian HKS(k)+ Σ(i∞)− Σdc. The first
term in the right hand side of Eq. (7) is the contribution of the “tail”
part, while the second term is from the contributions of the residual
part34.

Double counting term.When combiningDFT andDMFT, the electron-
electron interactions are included in both the DFT part (through the
exchange-correlation functional) and the DMFT part (through the local
quantum impurity solver). To avoid double counting these interactions, a
correction termmust be subtracted from the self-energy function Σ. This
correction term is what we call the double counting term Σdc. Now the
exact expression for Σdc is not known. In the DMFT engine, the following
empirical formulas are supported to subtract the double counting term:
(i) Fully localized limit (FLL) scheme74.

Σdc ¼ U N � 1
2

� �
� J

2
ðN � 1Þ: ð8Þ

Here N means the total impurity occupancy, which should be changed
dynamically during theDFT+DMFT iterations. TheFLL scheme is usually
employed in the calculations for Mott insulators and band insulators. In
general,N in Eq. (8) is replacedwith n0, the nominal impurity occupancy. It
is called the nominal double counting in the literature36. (ii) Around mean-
field (AMF) scheme74.

Σdc ¼
UN
2

þ ðU � JÞ Nl
2l þ 1

: ð9Þ

Here l denotes the quantum number of angular momentum of correlated
orbitals. For d-electron systems, l = 2. The AMF scheme is suitable for
strongly correlated metals. (iii) Held’s scheme15.

Σdc ¼ �U N � 1
2

� �
; ð10Þ

where the averaged interaction �U reads

�U ¼ U þ ðM � 1Þð2U � 5JÞ
2M � 1

: ð11Þ

HereM is the number of correlated orbitals.

Fermi level. During the DFT+DMFT iterations, the Fermi level μ
should be adjusted dynamically, such that the impurity occupancy is
equal to the nominal one. For givenΣ(iωn), the eigenvalues ϵαk and ϵ1αk are
atfirst calculated. Then Eq. (7) is used to evaluate the impurity occupancy
for the current Fermi level. By using the classic bisection algorithm, it is
easy to determine the desired Fermi level.

Charge fully self-consistency. The DFT+DMFT density matrix ρ is
calculated in the Kohn–Sham space:

ρðkÞ ¼
X
n

Gðk; iωnÞeiωn0
þ
: ð12Þ

Then correction to the DFT density matrix ρ0 reads:

ΔρðkÞ ¼ ρðkÞ � ρ0ðkÞ: ð13Þ

Note that ρ(k) is a non-diagonal matrix, while ρ0(k) is diagonal. Δρ(k)
should be transformed into real space, and then fedback to theDFTcodes to
start a new DFT+DMFT iteration. Once ρ(k) is less than a given critical
value, it is suggested that the charge density is converged and we can
terminate the calculation.

NORG impurity solver
The NORGmethod is an innovative approach within the field of quantum
many-bodyphysics, designed to address the complexproblemof interacting
electron systems. Traditional methods, such as exact diagonalization (ED)
and quantum Monte Carlo (QMC), face severe limitations due to expo-
nential scaling in computational complexity and the notorious sign pro-
blem, respectively. TheNORGmethod offers a non-perturbative alternative
that is particularly adept at handling strong electron correlations across
various coupling regimes.

The NORG method is grounded in the concept of natural orbitals,
which are the eigenvectors of the single particle density matrix. These
natural orbitals provide a basis for representing many-body wave functions
in an optimized manner. The NORG method involves an iterative renor-
malization group procedure that constructs a structured subspace by pro-
jecting onto active natural orbitals. This allows for the accurate solution of
quantum impurity problems with multiple impurities, which is beyond the
scope of traditional numerical renormalization group methods that are
limited to at most two impurities66. The core of the NORG algorithm
involves several steps: Starting with an arbitrary but complete set of natural
orbitals, selecting a subset to form a subspace, constructing an effective
Hamiltonian, diagonalizing it to obtain the ground state, forming the single
particle density matrix, and diagonalizing it to obtain a new set of natural
orbitals. This process is iterated until convergence65.

The Zen toolkit includes a high-performance NORG impurity solver
written in C++. The impurity solver introduces a “shortcut” trick that
significantly improves the efficiency of the NORG algorithm by imposing
restrictions on the orbital occupancy distribution, thereby reducing the
Hilbert space dimension. This “shortcut” NORG method has been
demonstrated to be dramatically faster than the general NORG method,
offering a powerful tool for studying ground state and low-energy properties
of quantum cluster-impurity models. Quite recently, this NORG impurity
solver has been embedded into the eDMFT package34 to study unconven-
tional superconductivity and electron correlations in La3Ni2O7

75. The
technical details of NORG will be presented in a successive paper.
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CT-HYB impurity solver
The impurity solvers based on the quantum Monte Carlo (QMC) algo-
rithms exhibit several advantages. First of all, they are built on top of the
imaginary time action, in which the infinite bath has been integrated out.
Second, they can treat arbitrary couplings, and can thus be applied to all
kinds of phases, including the metallic phase, insulating state, and phases
with spontaneous symmetry breaking. Third, theQMC impurity solvers are
numerically exact with a controllable numerical error. These are the reasons
why theQMCimpurity solvers are considered as themethodof choice in the
DMFT andDFT+DMFT calculations11,16. The CT-HYB impurity solver is
an important variation of the continuous-time quantumMonte Carlo (CT-
QMC) method46. In this impurity solver, the partition function of the
quantum impurity problem is diagrammatically expanded in the impurity-
bath hybridization term. Then the diagrammatic expansion series is eval-
uated by the Metropolis Monte Carlo algorithm. The continuous-time
nature of the algorithmmeans that the impurity operators can be placed at
any arbitrary position on the imaginary time interval, so that time dis-
cretization errors can be completely avoided. Perhaps the CT-HYB is the
most popular and powerfulQMC impurity solver so far, since it can be used
to solve multi-orbital impurity models with general interactions at low
temperature35,47,48.

In the Zen toolkit, the well established iQIST package is imported to
contribute highly optimized CT-HYB impurity solvers67,68, which support
both the segment representation48 and general matrix representation47

algorithms. The former is suitable for the impurity models with
density–density type interaction term. While the latter suits the impurity
models with general interaction terms (such as rotationally invariant
interaction with spin-orbit coupling term). The segment representation
algorithm is extremely efficient. But the general matrix representation
algorithm needs much more effort. In the iQIST package, the following
strategies are adopted to accelerate the calculations. (i) The local Hamilto-
nian is partitioned into sub-blocks, which are labeled by using good
quantum numbers35. A smart auto-partition algorithm suggested by P. Seth
et al. is implemented31. Of course, the users can specify the partition scheme
manually. (ii) The Hilbert space of the impurity problem can be truncated
dynamically or by the nominal impurity occupancy. (iii) The lazy trace
evaluation trick76, sparse matrix multiplication, and red-black tree
algorithm31 are implemented to speed the computation of trace term in the
Monte Carlo transition probability35,47. (iv) The CT-HYB impurity solvers
are fully parallelized by using the message passing interface (MPI). In
addition, the iQIST package can measure the single-particle Green’s
functions, two-particle Green’s functions, and vertex functions. It supports
the Legendre orthogonal polynomial representation77 and intermediate
representation78 for Green’s functions and improved estimator for self-
energy functions79. These tricks can suppress the random noise effectively.

Just like the otherQMC impurity solvers, the CT-HYB impurity solver
suffers from the fermionic sign problem. This problem becomes severe
when the hybridization function is non-diagonal, or spin-orbit coupling is
present, or the system’s temperature is relatively low. Thus, the calculated
results by the CT-HYB impurity solver become unreliable. At this time, we
could turn to the NORG impurity solver.

Analytic continuation
Often quantum impurity solvers working on the Matsubara axis are used
within the DFT+DMFT framework. Their outputs are usually Matsubara

Green’s functions G(iωn) and self-energy functions Σ(iωn). In order to
compare with the experimental results, they must be converted into real-
frequency axis. Especially, to calculate the momentum-resolved spectral
function A(k, ω), Fermi surface, and optical conductivity σ(ω), real-
frequency self-energy functionΣ(ω) is an essential input.Notice thatG(iωn)
and the spectral function A(ω) are related by the following Laplace trans-
formation:

GðiωnÞ ¼
Z 1

�1

AðωÞ
iωn � ω

dω: ð14Þ

Given G(iωn), solving Eq. (14) to extract A(ω) is the so-called analytic
continuation problem80. Once A(ω) is obtained, the retarded Green’s
function G(ω) can be easily evaluated via the Kramers–Kronig transforma-
tion. To extract Σ(ω) from Σ(iωn), we should at first subtract the
Hartree–Fock term ΣHF from Σ(iωn):

~ΣðiωnÞ ¼ ΣðiωnÞ � ΣHF: ð15Þ

And then an auxiliary Green’s function Gaux(iωn) is constructed:

GauxðiωnÞ ¼
1

iωn � ~ΣðiωnÞ
: ð16Þ

Next, we perform analytic continuation for Gaux(iωn) to get Gaux(ω). By
inverting Eqs. (15) and (16), we finally obtain Σ(ω).

Until now, analytic continuation is still a challenging, yet to be solved
problem. In the Zen toolkit, a full-fledged analytic continuation package,
namely ACFlow69, is included. It supports various analytic continuation
methods, including themaximumentropymethod (MaxEnt)80,Nevanlinna
analytical continuation (NAC)81, barycentric rational function approx-
imation (BarRat), stochastic analytic continuation (SAC)82,83, stochastic
optimizationmethod (SOM)84, and stochastic pole expansion (SPX)85,86, etc.
These methods have their own pros and cons. For examples, the MaxEnt
method is quite efficient, but it tends to generate smooth and broad spectral
function80. The BarRat method is even more efficient than the MaxEnt
method. It can resolve both sharp and broad spectral functions. But
sometimes the sum-rules about the spectral functionsmight be violated.The
SPX method employs the pole representation to approximate Matsubara
Green’s function and relies on a simulated annealing algorithm to figure out
the optimal pole representation. It is somewhat time-consuming, but it can
resolve fine features in the spectra85,86. The ACFlow package provides some
diagnostic tools. With them, we can easily compare and crosscheck the
analytic continuation results obtained by various methods. The ACFlow
package supports parallel computing. Furthermore, it is developed with the
Julia language, whichmakes it more interactive with the other components
of the Zen toolkit.

Results
In this section, we would like to benchmark the Zen toolkit. Here, we
consider three typical examples, including the correlated metal SrVO3,
unconventional superconductor La3Ni2O7, and Mott insulator MnO. The
calculated results are compared with the experimental data and previous
DFT+DMFT results, if available.

Table 1 | The DFT+DMFT computational parameters used in the present work

Case Correlated orbitals Nsite Nimp Ecut k-mesh U J Projection window

SrVO3 V-3d 1 1.0 400 eV 9 × 9 × 9 4.0 eV 0.7 eV [−1.4 eV, 6.0 eV]

La3Ni2O7 Ni-eg (dz2 + dx2�y2 ) 1 7.5 400 eV 9 × 9 × 9 5.0 eV 1.0 eV [−8.0 eV, 4.0 eV]

MnO Mn-3d 1 5.0 400 eV 13 × 13 × 13 8.0 eV 0.5 eV [−8.0 eV, 3.0 eV]

Here, Nsite means the number of inequivalent impurity atoms in the unit cell, Nimp means the nominal impurity occupancy, and Ecut is the cutoff energy for plane-wave expansion.
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General setup
All the DFT+DMFT calculations were done by using the Zen toolkit. The
relevant parameters are collected in Table 1.

For theDFT part, only theVASP interface was tested60,61.We chose the
experimental crystal structures for the three compounds. Core and valence
electrons were treated within the PAW formalism70. The generalized-
gradient approximation (GGA) was used for the exchange-correlation
functional within the Perdew–Burke–Ernzerhof (PBE) approach87. The
Brillouin zone was sampled using a Γ-centered Monkhorst-Pack k-point
grid. For the sake of simplicity, the systems were restricted to being non-
magnetic. Once the DFT calculations were converged, the PLO schemewas
applied to construct the projection matrices for V-3d, Ni-3d, and Mn-3d
orbitals. For the DMFT part, the double counting terms were built with the
FLL scheme74. InEq. (8), the impurity occupancyNwasfixed to thenominal
one36. The interactionparameters, includingCoulomb repulsion interaction
U andHund’s exchange interaction J, were obtained from the references88–90.
For the quantum impurity solvers part, both the NORG and CT-HYB
impurity solvers were used. Here, only the density-density type interactions
were considered. In other words, the pair-hopping and spin-flip terms were
ignored. The NORG impurity solver works at zero temperature, corre-
sponding to β =∞. We set an effective inverse temperature βeff = 50π eV−1

for the effective Matsubara frequencies ωn = (2n+ 1)π/βeff = 0.02(2n+ 1)
eV in the calculation of Matsubara Green’s functions. We found that four
bath orbitals per impurity orbital are adequate to faithfully describe the non-
interacting electron bath in the quantum impurity model derived from the
DMFT91. So the number of bath orbitals per impurity orbital nb was set to at
least 4. A parallel Lanczos algorithm was employed to achieve high-
performance computation in finding the ground state andGreen’s function.
64 CPU cores were utilized in the calculations. For the CT-HYB impurity
solver, β = 40.0 eV−1, which corresponds to approximately 290K. The
Legendre orthogonal polynomial representation for the Green’s function77

and the improved estimator for self-energy function79 were adopted to
suppress the stochastic noises. The number of Monte Carlo sweeps was 108

per process, and 64 CPU cores were utilized in the calculations.
For SrVO3 and La3Ni2O7, we performed charge fully self-consistent

DFT+DMFT calculations. For each DFT+DMFT iteration, 10 DFT
internal cycles and a one-shot DMFT calculation were executed. In most
cases, 60 DFT+DMFT iterations were adequate to obtain well converged
charge density ρ and total energyEtot. The converged criteria for total energy
was set to 10−6 eV, respectively. For MnO, we performed one-shot DFT+
DMFT calculations. That is to say, the self-energy function, instead of total
energy and charge density, was converged. The converged criterion for self-
energy function was set to 10−4 eV. Usually 40 DMFT iterations were
enough. Once the DFT+DMFT calculations were converged, we just used
the ACFlow package69 to perform analytic continuation to extract the
spectral functions A(ω) and real-frequency self-energy functions Σ(ω). The

analytic continuation calculations were at first done by the SPX method85

and then crosschecked by the MaxEnt method80.

Correlated metal SrVO3

SrVO3 is a typical correlated metal. It crystallizes in a cubic perovskite
structure. Its space group is Pm3m. The experimental lattice parameter is
a = 3.8410Å92. The electronic structure of SrVO3 is quite simple. Under
cubic crystal fields, the five V-3d orbitals should be split into triply degen-
erate t2g orbitals and double degenerate eg orbitals. The three t2g orbitals
cross the Fermi level. They are well separated from the empty eg orbitals and
the fully occupied O-2p orbitals. Thus, a minimal model for SrVO3 can
include only the three t2g orbitals. This makes SrVO3 an ideal system to
examine various beyond-DFTmethods39,93,94. In the present work, both the
t2g and eg orbitals were treated as correlated. The corresponding interaction
parameters and projection window are summarized in Table 1.

Figure 2 shows the calculated Green’s functions and self-energy
functions. Let’s focus on theMatsubara data atfirst. Though the calculations
were done at different temperatures, overall the results obtained by the
NORG and CT-HYB impurity solvers agree quite well with each other. The
only exception lies in ImΣðiωnÞ for eg orbitals as obtained by using the CT-
HYBimpurity solver. It exhibits obviousoscillations in the rangeof 1.5–6 eV
[see Fig. 2f]. We believe that such oscillations can be attributed to the
improved estimator for self-energy function. In general, this estimator can
suppress random noises, but sometimes it might induce some sorts of
oscillations in the mid-frequency range46,79. These oscillations are hardly
eliminated through increasing the Monte Carlo samplings. We note that
another approach to evaluate the self-energy function is through the Dyson
equation, instead of Monte Carlo sampling. But this method is numerically
unstable. It suffersmore significant oscillations at high-frequency region. In
addition, we can see that low-frequency part of ImΣðiωnÞ for the t2g orbitals
exhibits quasi-linear behavior, and the intercept at iωn→ 0 is nearly zero,
which is consistent with the Fermi liquid theory.

Next, we turn to the real-frequency self-energy functions. By using the
following equation:

m�=m ¼ 1=Z ¼ 1� ∂ReΣðωÞ
∂ω

����
ω¼0

; ð17Þ

we can easily calculate the electronic effective masses m* and quasiparticle
weights Z for correlated orbitals. We find that m*/m for the t2g orbitals is
approximately 1.8, which is consistent with previous DFT+DMFT
calculations39,93. Furthermore, ImΣðω ¼ 0Þ for t2g orbitals are close to zero,
which indicates that the low-energy electron scattering is trivial.

Figure 3 shows the spectral functions for V-3d’s t2g and eg orbitals. The
photoemission spectrum is shown in this figure for comparison95. For the t2g
orbitals, their spectra exhibit two broad peaks around−1.8 eV and 2.0 eV.

Fig. 2 | CalculatedGreen’s functions and self-energy functions forV’s t2g and eg orbitals in SrVO3. a, e ImGðiωnÞ.b, f ImΣðiωnÞ. c, gReΣðωÞ.d,h ImΣðωÞ. The upper panels
are for the t2g orbitals, and the lower panels are for the eg orbitals. The vertical dashed lines denote the Fermi levels.
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They are actually the lower and upperHubbard bands. Near the Fermi level,
besides the quasiparticle peak (at ω = 0), two shoulder peaks appear at
ω =−0.1 eV and 0.4 eV.These features are consistentwith the experimental
data96 and previous DFT+DMFT calculations39,88,93. Especially, the lower
Hubbard band atω =−1.8 eV and the left shoulder peak atω =−0.1 eV are
clearly seen in the photoemission spectrum95. For the eg orbitals, their
spectra exhibit two broad peaks from 1.0 eV to 8.0 eV. They are totally
unoccupied. Overall, the spectra obtained by the two impurity solvers are
quite similar. But there are still small differences, because the two solvers
work at different temperatures. The peaks in the vicinity of the Fermi level
obtained by NORG are sharper and narrower than those obtained by CT-
HYB, which implies that the quasiparticles are more coherent at lower
temperatures.

Unconventional superconductor La3Ni2O7

Superconductivity has been discovered in the high-pressure phase of
La3Ni2O7 with transition temperature up to 80 K97. Previous experiments
and theoretical calculations suggest that the Ni-3d orbitals are
correlated18,98,99. Furthermore, it is the Hund’s mechanism that dominates
the electronic correlations in La3Ni2O7

19,90. Around 14 GPa, this material
undergoes a structural transition from Amam phase to Fmmm phase. We
note that thefiveNi-3d orbitals are also split into three t2g orbitals and two eg
orbitals in the Fmmm phase. The t2g orbitals are fully occupied, while the eg
orbitals (dx2�y2 and dz2 ) are partially occupied. Here, we just focus on the

Fmmm phase of La3Ni2O7, and only the two eg orbitals are explicitly con-
sidered in the quantum impurity model.

Figure 4 shows the calculated Green’s functions and self-energy
functions for Ni’s eg orbitals. For ImGðiωnÞ, both NORG and CT-HYB
impurity solvers give consistent results. The functions are convex, implying
metallic behaviors. For ImΣðiωnÞ of the dx2�y2 and dz2 orbitals, the results
obtained by CT-HYB impurity solver exhibit oscillating behaviors again in
the mid-frequency region. Just as discussed above, these oscillations are
probably related to the improved estimator for self-energy function79. For
ReΣðωÞ, the quasilinear region is quite small near the Fermi level, the cor-
responding slope for dz2 is larger than that of dx2�y2 . It is suggested that this
material is strongly correlated. And the dz2 orbital is more correlated than
the dx2�y2 . For ImΣðωÞ, they deviate from zero at ω = 0, which indicates
considerable low-energy electron scattering and violation of the Fermi
liquid theory. We note that orbital differentiation and non-Fermi-liquid
behavior are two key signatures ofHundness22,100. Thus, theFmmmphase of
La3Ni2O7 is likely a candidate of Hund metal19,90,99.

Next, we study the orbital-resolved spectral functions for the Ni’s
3dx2�y2 and 3dz2 orbitals. As shown in Fig. 5, the spectra obtained by the
NORG and CT-HYB impurity solvers are roughly consistent with each
other. The spectra from the NORG impurity solver exhibit more structures
(i.e., shoulder peaks) near the Fermi level, while the spectra from the CT-
HYB impurity solver are broader and smoother. This discrepancy can be
ascribed to the finite temperature effect.We find that the quasiparticle peak
of the dz2 orbital is narrower than that of the dx2�y2 orbital. Thus, it is
suggested that the dz2 orbital is more renormalized than the dx2�y2 orbital,

Fig. 3 | Calculated spectral functions for V’s t2g and eg orbitals in SrVO3. They
were extracted from Matsubara Green’s functions G(iωn) by analytic continuation
calculations. The experimental spectrum (empty circles) was taken from ref. 95. The
vertical dashed line denotes the Fermi level.

Fig. 5 | Calculated spectral functions for Ni’s 3dx2�y2 and 3dz2 orbitals in
La3Ni2O7. The vertical dashed lines denote the Fermi levels.

Fig. 4 | Calculated Green’s functions and self-energy functions for Ni’s 3dx2�y2 and 3dz2 orbitals in La3Ni2O7. a, e ImGðiωnÞ. b, f ImΣðiωnÞ. c, g ReΣðωÞ. d, h ImΣðωÞ.
Panels a–d correspond to the Ni’s 3dx2�y2 orbitals, and panels e–h correspond to the Ni’s 3dz2 orbitals. The vertical dashed lines denote the Fermi levels.
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which agrees with previous DFT+DMFT calculations using the eDMFT
code90.

Mott insulator MnO
The third example isMnO,which is a typicalMott insulator. It crystallizes in
the rock-salt structure (the space group is Fm3m). The lattice parameter
a = 4.4457Å. At ambient pressure, its band gap is about 2.0 eV. Around
90–105 GPa, MnO is expected to undergo an insulator-to-metal transition.
The corresponding volume collapse, represented as V/V0, is approximately
0.68–0.63101–103. Previous DFT+DMFT calculations have suggested that
the insulator-to-metal transition is orbital-selective, with a simultaneous
spin state transition occurring89. In the present work, we performed one-
shotDFT+DMFTcalculations forV/V0 = 0.53 and1.0 to examinewhether
the Zen toolkit can successfully reproduce the metallic and insulating
phases of MnO.

Figure 6 presents the calculated Green’s functions and self-energy
functions for the Mn’s t2g and eg orbitals. The curves for ImGðiωnÞ are
concave, indicating insulating characteristics. The CT-HYB impurity solver
exhibits significant fluctuations in the mid-frequency region of ImΣðiωnÞ.
However, in the low-frequency range, the results obtained from the NORG
and CT-HYB impurity solvers show good agreement. Both ReΣðωÞ and
ImΣðωÞ display sharp and divergent features between −4.0 eV and 0.0 eV,
which are characteristic of a correlated insulator. Notably, the results from
the NORG impurity solver closely align with those from the CT-HYB
impurity solver in the range of −2.0 eV to 2.0 eV. It appears that the
numerical fluctuations in ImΣðiωnÞ do not significantly impact the analy-
tically continued Σ(ω).

The spectral functions are illustrated in Fig. 7. At ambient pressure, the
calculated spectra exhibit a significant gap (approximately 2.0 eV), which is
consistentwith the experimental results104.When the volume is substantially
decreased (V/V0 = 0.53), a quasiparticle peak emerges at the Fermi level,
indicating that thematerial transitions into ametallic state. In fact, theMott
insulator-metal transition occurs at larger volumes or lower pressures. Due
to the considerable differences in the bandwidths of the t2g and eg orbitals,
the Mott transitions in these orbitals do not occur simultaneously. There
exists a significant range of volume (or pressure) in which the t2g orbitals are
metallicwhile the egorbitals remain in insulating states.This phenomenon is
referred to as the orbital-selectiveMott phase89. Such behavior is a common
characteristic of transition metal monoxides105,106. From Fig. 7b, d, we
observe that both t2g and eg orbitals contribute to the quasiparticle peak.
Furthermore, by utilizing the NORG impurity solver, additional features
can be resolved.

Jan Kuneš et al. pointed out that there is collapse of magnetic moment
during the pressure-driven Mott transition in MnO89. To verify this view-
point, we studied the spin states and orbital occupancies for Mn’s t2g and eg
orbitals. Figure 8 shows the calculated probabilities of the possible spin

states. The magnetic momentM can be calculated as follows:

M ¼
X
i

PiSi; ð18Þ

Fig. 6 | Calculated Green’s functions and self-energy functions for Mn-3d orbitals in MnO at ambient pressure. a, e ImGðiωnÞ. b, f ImΣðiωnÞ. c, g ReΣðωÞ. d, h ImΣðωÞ.
Panels a–d correspond to the t2g orbitals, and panels e–h correspond to the eg orbitals. The vertical dashed lines denote the Fermi levels.

Fig. 7 | Calculated spectral functions for Mn’s t2g and eg orbitals in MnO at V/
V0= 1.0 (left panels) and 0.53 (right panels). The experimental data was extracted
from ref. 104. The vertical dashed lines denote the Fermi level.

Fig. 8 | Probabilities of spin states in MnO at ambient pressure (V/V0= 1.0) and
high pressure (V/V0= 0.53).The results are obtainedby theCT-HYB impurity solver.
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where Pi is the probability of the ith spin state and Si is the corresponding
total spin. At ambient pressure, the S = 5/2 state is dominant, and the
magnetic moment is about 4.7 μB. Now the system is in high-spin state, the
major electronic configuration is t32ge

2
g . Under high pressure, the contribu-

tions from the S = 5/2 state can be ignored. It is the S = 1/2 state that makes
thepredominant contribution.The related electronic configurationbecomes
t52ge

0
g . The total magnetic momentM is reduced to 1.3 μB. Clearly, there is a

pressure-driven high-spin state (S = 5/2) to low-spin state (S = 1/2)
transition in MnO. We confirm previously calculated results again89.

Discussion
In this paper, we present a new ab initio many-body computational toolkit,
Zen, which enables fully self-consistent DFT+DMFT calculations for
correlatedd-electronmaterials. This toolkit is now interfacedwith theVASP
code via the PLO scheme and with the Quantum ESPRESSO code via the
MLWFscheme. It incorporates twohighly efficient impurity solvers:NORG
and CT-HYB. What distinguishes Zen from other existing DFT+DMFT
packages is the NORG impurity solver, which can handle multi-orbital
quantum impurity models with general interactions. It operates at zero
temperature and is free from the fermionic sign problem, making it a
promising alternative and complement to the CT-HYB impurity solver.

We selected three strongly correlated materials—SrVO3, La3Ni2O7,
and MnO to benchmark the Zen toolkit. We conducted systematic DFT
+DMFT calculations to investigate the electronic structures of these
materials. Our calculated results align closely with experimental data and
previous DFT+DMFT calculations, where available. Notably, the results
obtained using the NORG impurity solver are consistent with those derived
from theCT-HYB impurity solver.Minor discrepancies can be attributed to
temperature effects. These benchmarks demonstrate that Zen is a reliable
tool for studying strongly correlated materials. In the future, we aim to
extend its capabilities to include additional features, such as lattice dynamics
calculations50,52 and the exact double counting term36.

Zen is an open-source toolkit. Its source code canbe downloaded from
GitHub107.Wehave an open-source package for theNORG impurity solver,
which can be downloaded from GitHub108.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability
Our code is available in GitHub and can be accessed via https://github.com/
huangli712/Zen and https://github.com/rqHe1/NORG.
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